Reversible logic is becoming more and more popular due to the fact that many novel technologies such as quantum computing, low power CMOS circuit design or quantum optical computing are becoming more and more realistic. In quantum computing, reversible computing is the main venue for the realization and design of classical functions and circuits. We present a new approach to synthesis of reversible circuits using Kronecker Functional Lattice Diagrams (KFLD). Unlike many of contemporary algorithms for synthesis of reversible functions that use n × n Toffoli gates, our method synthesizes functions using 3 × 3 Toffoli gates, Feynman gates and NOT gates. This reduces the quantum cost of the designed circuit but adds additional ancilla bits. The resulting circuits are always regular in a 4-neighbor model and all connections are predictable. Consequently resulting circuits can be directly mapped in to a quantum device such as quantum FPGA [14]. This is a significant advantage of our method, as it allows us to design optimum circuits for a given quantum technology.
Introduction
The synthesis of reversible (permutative) circuits is an important problem in quantum computing because reversible circuits are an important component in various quantum algorithms. Reversible circuits appear as oracles in Grover algorithm [7] , as modulo arithmetic part in Shor algorithm [23] , as components in Deutsch-Jozsa algorithm [4] as well as in parts of quantum simulation algorithms [9] such as the many-body problem. While the Grover and Shor algorithms are two of the most famous quantum algorithms, the simulation of many-body systems is one of the most important quantum mechanical problems to be solved. Thus the design of circuits with small gate count for these algorithms and problems is crucial in the development of a competitive full-scale quantum computer.
Currently some of the well known algorithms are based on function transformation approaches [10] , [15] , [16] , ESOP transformation [6] or representation transformation [25] . Most of these algorithms however generate the final circuit containing n × n Toffoli gates (n input bits and n output bits). This is quite problematic because in quantum technology such gates do not exist; they have to be de- signed from 3 × 3 Toffoli gates, CNOT gates and NOT gates.
Consequently circuits containing such large gates are post processed, large gates are decomposed into small reversible primitives and only then the circuit is transformed into truly quantum gates and is minimized. Using post-processing to reduce the cost of the circuits is however problematic because such minimization can lead to highly non optimal circuits: designing circuits directly from smaller Toffoli gates permits to minimize the circuit in such places that cannot be attained when synthesizing circuits using arbitrary large Toffoli gates. In this paper we provide an extended study of the synthesis of reversible circuits using Kronecker Functional Lattice Diagrams (KFLD) method that was originally proposed in [22] . The main contributions of this paper are:
1. We provide details on the decompositions used in the KFLD algorithm as well as details on the algorithm itself. 2. We improve the algorithm proposed in [22] by optimizing the KFLDs by two optimization algorithms. 3. We show that the KFLD method is superior to other state-of-art algorithms by providing a set of new updated benchmark results.
This paper is organized as follows. Section 2 provides background on Kronecker Functional Lattice Diagrams (KFLDs). Section 3 presents method for creating a Kronecker Functional Lattice Diagram using positive Davio gate as a basic building block. Section 4 shows method to convert Kronecker Functional Lattice Diagram into a quantum circuit consisting of 3 × 3 Toffoli gates, Feynman gates and NOT gates. Section 5 presents two optimization methods for the KFLDs. Experimental results are given in Sect. 6 and finally Sect. 7 concludes the paper and discusses future work.
Background
A decision diagram (DD) for an arbitrary logic function of n variables f (x 1 , . . . , x n ) is a rooted directed acyclic graph (DAG) G = (V, E) with two types of nodes, terminal nodes and non-terminal nodes. A non-terminal node is labeled with Boolean variable x n and has two child nodes, low(v) ∈ V and high(v) ∈ V. A terminal node has no child nodes and is labeled with logic 0(1). The edge e ∈ E from a node to a low(high) child presents assignment of variable x n to Copyright c 2014 The Institute of Electronics, Information and Communication Engineers Fig. 1 The Enumeration of cells of the Akers array [2] . Lattice is only a part of Akers array, starting from top left corner. logic 0(1). A Decision Diagram is f ree if each variable is encountered at most once in each path in the DD from the root to a terminal node. A DD is ordered if it is free and the variables are encountered in the same order on each path from the root node to a terminal node.
Expanding an arbitrary logic function of n variables f (x 1 , . . . , x n ) using positive Davio expansion, negative Davio expansion or Shannon expansion [5] , [8] as shown below in Eqs. (1), (2) and (3) respectively, results in a Kronecker Decision Diagram.
Kronecker Decision Diagrams were extended to Kronecker Lattice Diagrams (KLDs) in [20] . A Lattice Diagram uses a regular structure to represent relations between the individual logic components. The regular structure is specified by a diagonal matrix where every entry of the matrix L[i, j] is a node (Fig. 1) . For every node 
Definition 2 (Ordered Lattice Diagram
⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ x i f low(v) ⊕ x i f high(v) : d i is Shannon (S) f low(v) ⊕ x i f high(v) : d i is positive Davio (pD) f low(v) ⊕ x i f high(v) : d i is negative Davio (nD)(4)
Where f low(v) ( f high(v) ) are the functions represented by the OKFLD rooted low(v)(high(v)).
Further details on different instances of Lattice Diagrams can be found in [18] - [20] .
The main advantage of OKFLD over OBDD (Ordered binary decision diagrams) is in the ability to reduce the number of ancilla bits. As reported in [25] the OBDD based synthesis of reversible circuits requires one ancilla bit per node of BDD. The OKFLD analyzed in [22] showed that due to the usage of the positive Davio expansion and the Lattice structure requires however only one ancilla bit per layer of OKFLD ( Fig. 2 )! Also in OBDD each node uses Shannon expansion, the various different OKFLDs permits to replace each node by different expansion and thus simplify even more the internal circuit wiring.
In this paper we concentrate on KFLDs that use only positive Davio for node expansion. Consequently from now on all references to OKFLD, expansions or rules of simplification are intended for OKFLDs that use only positive Davio expansion.
Creating a Kronecker Functional Lattice Diagram (KFLD)
A KFLD is created by performing a level-by-level expansion of the function represented by the root node. The root node is expanded first using the pD expansion to create two child nodes. Next for all nodes at the same level, cofactors of the nodes are created again using pD expansion. Joining operations are performed on some cofactors (geometric neighbors) to create a combined node. The non-joined cofactors are converted to nodes. Figure 3 shows positive Davio joining operations that can be performed on any two cofactor-nodes y and z of geometric neighbor nodes r and s when both cofactors are nonconstant. Unlike OBDDs and OKFDDs, the joining operations in OKFLDs can also be applied on the non-isomorphic nodes. The process of node expansion and joining operation are continued until all nodes terminate with constant values.
On geometric neighbor nodes with isomorphic cofactor-nodes the joining operation result in simple nodes where the expansion variable is not propagated to the next levels. This is shown in Fig. 4 . 
Example 1 (Creating KFLD). Let a function be defined by a Positive Polarity Reed Muller form shown in Eq. (5).
The creation of the KFLD uses the following steps:
1. Variable c is selected for expansion of the root node in the first level to create second level nodes.
• The left node resulting from the pD expansion is thus fc
For the second level of expansions the variable d is selected.
• The right co-factor of the node fc
The joining operation on this cofactor is computed as shown in Eq
Which is the left node on the third level in Fig. 3 . The KFLD is completed by applying similar steps to all nodes. and the final KFLD is shown in Fig. 5 .
The KFLD Algorithm for Reversible Circuits

Logic Expansion Mapping
The KFLD nodes can be expanded using three expansions (Eqs. (1) - (3)). Each of the expansions can be mapped directly to a particular reversible gate. In this paper we only use the positive Davio expansion and Davio expansion can be directly mapped to a Toffoli gate:
• Positive Davio Cell. It is mapped directly to a Toffoli gate as shown in Fig. 6 . The inputs a and b of the positive Davio gate in Fig. 6 act as control qubits of the Toffoli gate and input c acts as a target qubit of the Toffoli gate. 
Lattice2QA Algorithm
Inputs to the algorithm are synthesized KFLD (Sect. 3) and functional output (root node) node of the KFLD. The output of the algorithm is a reversible logic circuit that consists of a cascade of Toffoli gates. The quantum circuit is created by, forming layers of cascades of gates. Every node in the KFLD is transformed into one of the three gates the Toffoli, the 2-qubit Feynman gates or the 1-qubit NOT gates which is the unique characteristic of our method. The nodes terminating with constant values are transformed to a Feynman gate, a NOT gate or a wire. The algorithm starts by performing a preorder traversal of the KFLD to find every output of the quantum circuit. The building of the queue Q uses a recursive function shown in the pseudo code 1.
Algorithm 1
The recursive function used to find all output nodes
Q ← {} 4: The algorithm traverses the lattice starting from the root node L [1, 1] top-down and from left to right. The algorithm maintains a list of previously visited nodes V and recursively populates the queue Q. Each visited node is first checked whether it is a constant or if it has already been visited (line 2). For any non visited and non constant node the algorithm first searches the left predecessor and then the right predecessor (lines 5 and 6). The resulting queues from left and right predecessors are concatenated (line 7) and the current node is added to the list of visited nodes V (line 8). Finally in lines 9 and 10 the current node is checked if it has the right successor and if not it is added to the queue Q. [2, 3] , N [2, 4] , N [1, 2] , N [1, 3] , N [1, 4] } Each node is then transformed to one particular gate depending on its predecessors and successors. If any of the predecessors is constant the Node will be transformed into a Feynman gate otherwise the node is transformed into a Toffoli gate. A Toffoli gate in the circuit receives one control input from the variable that was used in expansion and another control input from the output of the gate one layer above. This rule is invariably true for all Toffoli gates in the created circuit. The Feynman gates in the circuit receive input from the variable used for expansion of the same node. Using these transformation rules, a layer of cascade of reversible gates is created by traversing left for every output node in the queue Q. Fig. 7 Fig. 7 .
Example 3. • N[1, 1]: as the right predecessor N[1,2] is not constant the 3 × 3 Toffoli gate is used. The output of N[2, 1], the output of N[1, 2] and the expansion variable c represent the target and the two control bits respectively. This is shown as the rightmost gate in
(bottom layer). • N[2, 1]: as the left predecessor is constant 1, no further node needs to be explored by traversing left and constant 1 will act as the target input for a Toffoli gate. The two control inputs of N[2, 1] are the expansion variable d and the output signal of the node N[2,2]. The node N[2, 1] represents the second gate in the bottom layer in Fig. 7. This completes the bottom layer of the quantum circuit represented by the KFLD of Fig. 5. • Other layers of cascade of Toffoli gates are completed in a similar fashion in order to complete the final circuit. The final quantum circuit is shown in
Observe that each gate is either a 3-qubit Toffoli gate or a 2-qubit Feynman gate and thus Toffoli gates with many inputs characteristic to most contemporary algorithms [1] , [15] are entirely avoided.
Quantum Circuit Optimization by Creating Efficient KFLD
As was illustrated in Sect. 3 ( Figs. 3 and 4 ) the merging of geometric non-isomorphic neighbor nodes reintroduces into the lattice variables used in nodes expansion. This causes repetition of variables in the subsequent stages, which increase number of nodes and size of the KFLDs. The repeti- tion of variables in KFLDs is greatly influenced by the order of used expansion variables in the creation of the KFLDs; different order of expansion variables will create different number of isomorphic nodes on each level and will result in KFLD with different number of levels.
Hence an efficient selection of variable order is essential to create optimum KFLD and respective quantum circuit. In this paper we explore two distinct methods that minimize variable repetition by searching for optimum variable order selection.
Moreover notice that the variable repetition converges (any function can be represented by a KFLD with a finite number of levels) because the reintroduced expansion variables can be in the worst case used to expand the nodes into constant values (Fig. 5 variable d) .
Adjacent Isomorphic Nodes Replacement
One of the simplest heuristics for variable ordering introduced in [17] , [21] is to replace adjacent isomorphic (symmetric function) nodes by a single node. The best variable order allows to merge the largest amount of isomorphic nodes. Additionally to increase the probability of having adjacent isomorphic nodes, a flip Davio operation (Fig. 8) is performed † . For any pair of variables x i and x j there are four cofactors, f x i x j , f x i x j , f x i x j , f x i x j . The function is symmetric in these two variables if any two of the four cofactors are equivalent. Symmetry in variables can be used by negation of any one of the variables. Symmetry created by negation of any one variable is called skewed-symmetry. For clarity we show in Fig. 9 the six possible symmetries introduced in [24] . These symmetry rules are used in creating optimum KFLD and to minimize the quantum cost of the circuit.
To search for geometric symmetries we use the window permutation algorithm [21] . This algorithm proceeds by se- † Similar to the flip Shannon operation for PSBDD presented in [24] . lecting a level (and repeated for every level) i in the KFLD and exhaustively searching all k! permutations of the k adjacent variables starting at level i. This is done by selecting k! − 1 pair wise exchanges followed by up to k(k! − 1)/2 pair wise exchanges to restore the best permutation obtained during the process. Figure 10 shows the variable permutations which are explored when applying a window of size k = 3 starting at variable b. Total five permutations are explored with four adjacent variable swaps, then three additional variable swaps are used to restore the best permutation. The window permutation algorithm is practical for functions up to five variables.
Sifting Algorithm
To optimize further the KFLD the Sifting algorithm presented in [21] and originally intended for the OBDD minimization was also used. Th sifting algorithm searches for the best position of a variable by moving one variable from level to level while keeping all other variables on a fixed position. For each variable in the KFLD, one selected variable is swapped with its successor until becoming the next to last variable. Applying this to other variables, the best variable order is stored and the variables are placed in their respective optimal position. An example of Sifting algorithm is shown in Fig. 11. 
Experimental Results
Two programs were created and are used for the experimentation. The program Lattices creates KFLD for a given Boolean function, and the Lattice2QA creates a quantum circuit from a KFLD. The programs are implemented in C++ and the experiments were done on a Intel 2.4GHz Core2 Duo processor with 2GB of memory.
To evaluate the performance of our approach we com-pared the result with four different algorithms respectively introduced in [1] , [15] , [25] and [16] . The reason for selecting these four algorithms is the similarity of the approach in the case of [25] , the latest algorithm and the top of the state of art [16] and two well known algorithms [15] and [1] . The different algorithms do not always use the same benchmark functions for evaluations the results are presented in two distinct tables. Table 1 shows comparison of results between the KFLD and the method from [16] and Table 2 compares our KFLD with algorithms from [1] , [15] and [25] . The evaluation counts the number of gates used to built the circuit and the quantum costs of the reversible gates are computed using the method used in the contemporary CAD algorithms [11] , [12] , [15] . Table 1 shows the name of the function benchmark, the number of gates (G) and the quantum cost (C) for the algorithm from [16] and the number of gates and the quantum cost for the KFLD in columns one, two, three, four and five respectively.
The column one in Table 2 shows the name of the benchmark function, column two (P.I.) shows total number of real inputs and column three (G.I.) depicts number of ancilla bits added to the final circuit created by Lattice2QA. Run time for the algorithm is marked on column four (CPU). For each compared algorithm two columns (G) and (C) shows respectively the number of gates (G) in the circuit and the quantum cost (C) in each of the three algorithms evaluated [1] , [15] , [25] are presented in columns five to ten. Finally, columns 13 and 14 shows the result of our algorithm when using both the symmetry as well as sifting optimization. Finally the two last columns show the number of gates and the quantum cost when the garbage/variable lines are restored to initial value. The results of evaluations are summarized in Table 3 . First column indicates the algorithm of comparison. The second column shows the worst case, i.e. the case where KFLD performed worst from all tested benchmark. The negative percent means how much more costly the circuit obtained by the KFLD was. The third column shows the best case of cost decrease. Column four shows the average of quantum cost when only benchmark functions for which KFLD obtained better (less costly) quantum circuits have been obtained. The fifth column shows the average of the improvement of the quantum cost using benchmark functions where the algorithm has been tested. Finally the two last columns show the average over only the best circuit and the average over all tested benchmark functions when the KFLD was using the variable qubit restoration. All positive percentages shows that KFLD was able to improve the cost of the tested function benchmarks.
As can be seen our algorithm was able to improve the cost of synthesized benchmarks when compared to all four algorithms on average by 8.5% and on the benchmarks where our algorithm generated less costly circuits the average cost improvement was 31.7%.
Notice that the results of the KFLD with garbage/ variable bit restoration show quite negative scores; this is a natural consequence because none of the algorithms evaluated do not use the bit variable restoration. However, in order to design circuits that can be potentially used in quantum algorithms the variable bits must be restored and thus the provided results indicate an estimate on the real cost and size of circuits with such requirements.
Conclusions
We proposed a new approach to synthesize reversible and quantum circuits based on mapping the Kronecker Functional Lattice Diagram directly to a quantum circuit. When quantum technology such as Ion Trap [3] is used, minimizing the quantum cost is what really counts, not the gate cost [13] and consequently our method is more efficient. Moreover, the circuit created by our tool is always regular and can be mapped to an array of Ion trap [14] realized quantum gates. It can be also mapped with some modification to a one-dimensional array, satisfying the so-called LNNM (Linear Nearest Neighbor Model). This is a subject of further research of our group.
As future work several topics are to be studied. The variable ordering problem, the reduction of ancilla bits added during the creation of KLFD, extension to novel layouts of quantum technologies and the study of the usage of other expansions in the nodes of the KFLD. Moreover the study of more general form of KFLDs using negative controls as well as KFLDs with different nodes expansions are also to be considered.
